Abstract. We prove that a topological contact isotopy uniquely defines a topological contact Hamiltonian. Combined with previous results from [MS11] , this generalizes the classical one-to-one correspondence between smooth contact isotopies and their generating smooth contact Hamiltonians and conformal factors to the group of topological contact dynamical systems. Applications of this generalized correspondence include C 0 -rigidity of smooth contact Hamiltonians, a transformation law for topological contact dynamical systems, and C 0 -rigidity of the geodesic flows of Riemannian manifolds.
Introduction
An important characteristic of a Hamiltonian or contact vector field is that the time evolution of the corresponding dynamical system is determined by a single function on the underlying manifold, and conversely this function is unique up to a modest normalization condition. One goal of this sequence of papers is to extend smooth contact dynamics to topological dynamics, and to generalize the previously stated correspondence to topological dynamics, so that invariants of topological contact isotopies can be assigned via their uniquely corresponding topological contact Hamiltonians. As an application we establish C 0 -contact rigidity (Corollary 1.6). However, applications of the one-to-one correspondence extend beyond contact and Hamiltonian dynamics. We recall the extension of the helicity invariant to certain isotopies of measure preserving homeomorphisms of orientable three-manifolds [MS12] . We also prove a generalized transformation law for topological contact dynamical systems, which provides a new criterion for the topological conjugacy of smooth contact dynamical systems. See Theorem 5.3 and section 5 for additional related results. Finally using the contact-geometric interpretation of the geodesic flow, we prove a novel C 0 -rigidity phenomenon of the geodesic flow of Riemannian manifolds (Theorem 6.1).
Let M be a closed oriented smooth manifold of dimension 2n + 1 with contact structure ξ, and a contact form α such that ker α = ξ and α ∧ (dα) n is a positive volume form. A topological contact dynamical system (Φ, H, h) of (M, α) [MS11, MS13] arises from a sequence Φ i = {φ t i } of smooth contact isotopies of (M, ξ) such that:
• Φ i uniformly converges to an isotopy Φ = {φ t } of homeomorphisms of M ,
• the sequence H i : [0, 1]× M → R of smooth time-dependent contact Hamiltonian functions generating the contact isotopies Φ i converges with respect to the norm In our terminology Φ, H, and h above such that all three conditions simultaneously hold are called a topological contact isotopy, a topological contact Hamiltonian, and a topological conformal factor, respectively. See [MS13] for examples of non-smooth topological contact dynamical systems of any (M, α).
Theorem 1.1 is the first result of this paper. After recalling the necessary preliminaries on contact dynamics in section 2, the proof is given in section 3. Theorem 1.1. Let (Φ, H, h) be a topological contact dynamical system of (M, α). If Φ is the constant isotopy at the identity, i.e. φ t = id for all t ∈ [0, 1], then H t = 0 for almost every t ∈ [0, 1].
The strategy usually applied to prove a theorem of the type of Theorem 1.1 is to suppose that the conclusion is false, and then derive a contradiction with the corresponding 'uniqueness of the isotopy' result. This is the case for topological Hamiltonians of a symplectic manifold [BS13] , topological basic contact Hamiltonians of a regular contact manifold [BS12] , and the proof of Theorem 1.1. Using different methods however, Viterbo earlier proved the uniqueness of continuous Hamiltonians of continuous Hamiltonian isotopies of a symplectic manifold [Vit06] .
In [MS11, Theorem 6 .4] we proved the uniqueness of the topological contact isotopy of a topological contact Hamiltonian. Theorem 1.4. Let (Φ, H, h) be a topological contact dynamical system of (M, α).
Therefore the converse [MS11, Theorem 6.4] to Corollary 1.3 also holds for topological contact dynamical systems.
Corollary 1.5 (Uniqueness of topological contact isotopy and conformal factor). Given a contact form α on M , a topological contact Hamiltonian H defines a unique topological contact isotopy Φ with unique topological conformal factor h. That is, if (Φ, H, h) and (Ψ, H, f ) are two topological contact dynamical systems of (M, α) with the same topological contact Hamiltonian H, then φ t = ψ t and h t = f t for all t ∈ [0, 1].
The previous results can also be interpreted as smooth contact rigidity results. We prove the first statement (1) below. For the proof of statement (2), see [MS13, Corollary 3 .4]. Corollary 1.6 (Contact rigidity). Let (Φ, H, h) be a topological contact dynamical system of (M, α).
(1) If Φ is a smooth isotopy of diffeomorphisms, then H and h are smooth functions, Φ is the smooth contact isotopy generated by the smooth contact Hamiltonian H, and φ * t α = e ht α. (2) Conversely if H is a smooth function, then both the isotopy Φ and function h are smooth, Φ is the contact isotopy generated by H, and φ * t α = e ht α.
In both cases the function h t is given by
In fact by [MS11, Lemma 13.1], Corollary 1.6 (1) is equivalent to Corollary 1.3, and Corollary 1.6 (2) is equivalent to Corollary 1.5. As mentioned in [MS11] , smoothness of the conformal factor h on the other hand does not imply that Φ or H is smooth; non-smooth strictly contact dynamical systems (Φ, H, 0) are constructed in [BS12] .
Proof of (1). By rigidity of contact diffeomorphisms [MS11, Theorem 1.3], the limit Φ is a smooth contact isotopy, and the limit h of the conformal factors h i coincides with the smooth conformal factor of the smooth contact isotopy Φ. By Corollary 1.3, the topological contact Hamiltonian of the limit isotopy is equal to the smooth contact Hamiltonian that generates the isotopy Φ.
The first part of the paper (sections 2 and 3) contains background material and the proof of Theorem 1.1. Section 4 provides proofs of local versions of the theorems in the introduction. The final part of the paper (sections 5 and 6) concerns applications of the uniqueness theorems to smooth and topological contact dynamics, and topological rigidity of geodesic flows of Riemannian manifolds.
2. Preliminaries on smooth and topological contact dynamics 2.1. Smooth contact dynamics. A smooth completely non-integrable hyperplane sub-bundle ξ ⊂ T M of the tangent bundle T M of a smooth manifold M is called a contact structure or a contact distribution on M . A contact structure ξ is locally defined by a smooth differential 1-form α on M , a contact form, such that ξ = ker α, and the non-integrability condition satisfied by ξ is equivalent to a non-degeneracy condition satisfied by α (locally where α is defined),
where the necessarily odd dimension of M is 2n+1. We assume that ξ is cooriented, so that α is globally defined, and α ∧ (dα) n is a volume form on M . The choice of contact form α is obviously not unique; any other 1-form e g α where g : M → R is a smooth function defines the same cooriented contact structure and orientation on M , and conversely, if β is another smooth 1-form that defines the same cooriented contact structure ξ, then there exists a smooth function g : M → R such that β = e g α. The starting point in smooth contact dynamics is made by fixing the choice of a contact form α defining ξ. This choice determines the important Reeb vector field R α defined by the equations ι(R α )dα = 0 and ι(R α )α = 1, where ι(X)η denotes the interior product of a differential form η with a vector field X. One way to construct symmetries of the contact structure is to begin with a smooth function. Observe that any vector field X on M can be written as X = HR α + Y for some function H : M → R and section Y of the contact distribution ξ, and thus the two equations
posses a unique solution, which we denote X H . Here R α .H = ι(R α )dH denotes the derivative of H along R α . If L XH denotes the Lie derivative along the vector field X H , then Cartan's identity yields
Thus a vector field X H defined by (3) satisfies L XH α = µ α for a smooth function µ : M → R, i.e. X H is an infinitesimal automorphism of the contact structure ξ, or a contact vector field, and H is called its contact Hamiltonian function. We assume that M is closed, i.e. compact without boundary, and for simplicity connected. Denote by Φ H = {φ t H } the solution to the corresponding differential equation
and observe that for each time t,
where
Hence at each time t, φ t H is a contact diffeomorphism, i.e. a diffeomorphism φ of M such that φ * ξ = ξ. In short, given a choice of contact form α, a smooth function H : M → R defines a vector field X H whose smooth flow {φ t H } consists of contact diffeomorphisms for all times t.
The preceding is an example of a smooth contact isotopy, where a smooth isotopy Φ = {φ t } 0≤t≤1 of diffeomorphisms of M is called contact if each time-t map φ t is a contact diffeomorphism, i.e. there exists a smooth family of functions h t : M → R on M such that (4) holds. In fact, if we allow time-dependent Hamiltonian functions in the previous construction, then every smooth contact isotopy arises in this way. Let X = {X t } 0≤t≤1 denote the time-dependent smooth vector field generating a smooth contact isotopy Φ in the sense that
and denote by H t the smooth time-dependent function H :
). An elementary calculation shows that the vector field X t satisfies ι(X t )dα = µ t α − dH t , with µ t = R α .H t so that (3) holds, and the functions µ t and h t are related by (5). A smooth contact isotopy Φ is called strictly contact with respect to α if each time-t map φ t satisfies φ * t α = α. In this case the conformal factor h vanishes identically, and the generating Hamiltonian H satisfies R α .H t = 0 for every t ∈ [0, 1]. Such a Hamiltonian is called basic. Similarly a contact diffeomorphism φ is called strictly contact with respect to α if it satisfies φ * α = α. Thus the choice of contact form α produces a one-to-one correspondence between smooth contact isotopies with their smooth contact Hamiltonians, and so from this point of view, the choice of contact form may be thought of as the normalization condition in contact dynamics. We write Φ = Φ H for a smooth contact isotopy generated by the smooth Hamiltonian H and with smooth conformal factor h, and such a triple (Φ, H, h) is what we call a smooth contact dynamical system. We denote the group of smooth contact dynamical systems by CDS(M, α), while the group of contact diffeomorphisms is denoted by Diff(M, ξ), and Diff 0 (M, ξ) denotes its identity component. The group SCDS(M, α) of smooth strictly contact dynamical systems of (M, α) consists of triples (Φ, H, h) where Φ is strictly contact, H is basic, and h vanishes identically. The group of strictly contact diffeomorphisms and its identity component are denoted Diff(M, α) and Diff 0 (M, α), respectively.
For some contact manifolds, the collection of basic functions consists only of functions that depend only on time. This further distinguishes the study of contact dynamics from Hamiltonian or strictly contact dynamics. 
Proof.
A basic function H t is constant along Reeb orbits, and since O is dense, H t must be constant on M . Thus H generates a reparameterization of the Reeb flow, and a diffeomorphism φ ∈ Diff 0 (M, α) is of the form φ s R for a unique real number s, where Φ R denotes the Reeb flow of (M, α).
Suppose that φ ∈ Diff(M, α), and there exists x ∈ M such that x and φ(x) lie on O. Denote by s the unique real number such that φ(x) = φ s R (x). Let y ∈ M , and choose a sequence y k ∈ O that converges to y. By construction, y k = φ s k R (x) for some s k ∈ R, and
since strictly contact diffeomorphisms commute with the Reeb flow.
In some sense manifolds (M, α) that admit a dense Reeb orbit are the opposite of regular contact manifolds, where every orbit is closed and the group Diff 0 (M, α) = Ham(M/S 1 , ω) is as large as it can be.
Topological contact dynamics.
The extension of smooth contact dynamics to topological dynamics results from the completion of the group of smooth contact dynamical systems with respect to the contact metric d α , which encodes the isotopies' topological and dynamical data. See [MO07, Mül08] for the case of Hamiltonian dynamics of a symplectic manifold, and [BS12] for the case of the dynamics of a contact form. The contact distance between two smooth contact dynamical systems (Φ H , H, h) and (Φ F , F, f ) of (M, α) is given by
where d denotes a complete metric that induces the C 0 -topology on the group of isotopies of homeomorphisms of M , and |·| and · denote the norms in equations (2) and (1), respectively. The contact metric is studied in detail in [MS11, MS13] , where the relationship between topological contact and Hamiltonian dynamics is also thoroughly explored. We caution the reader that the convergence of any two terms in the sequence (Φ Hi , H i , h i ) of triples does not imply the convergence of the remaining sequence. Examples are given in [MS11, section 8].
Recall that a triple (Φ, H, h) is called a topological contact dynamical system of (M, α) if it is the limit with respect to the contact metric d α of a sequence (Φ Hi , H i , h i ) of smooth contact dynamical systems of (M, α). Note that the uniform metric on the group of homeomorphisms (or isotopies of homeomorphisms) of M is never complete. However, a sequence of isotopies of homeomorphisms of M that uniformly converges to an isotopy of homeomorphisms of M is C 0 -Cauchy and moreover C 0 -converges to the same limit. We showed in [MS11] that the collection PHomeo(M, ξ) of topological contact isotopies of (M, ξ) forms a group, and as the notation suggests does not depend on the choice of contact form α such that ker α = ξ.
The norm (2) on the space of conformal factors is complete in that a Cauchy sequence of smooth conformal factors converges to a continuous time-dependent function on M . We refer to such a limit as a topological conformal factor. The contact norm (1) is also complete in the following sense. An equivalence class of Cauchy sequences with respect to the contact norm (1) of smooth contact Hamiltonian functions determines a topological Hamiltonian function H, which can be thought of as an element of the space
-functions of the unit interval taking values in the space C 0 (M ) of continuous functions of M . Any two such representatives of the equivalence class are equal almost everywhere in time, and such a representative function H can be defined to be any continuous function at the remaining times t belonging to a set of measure zero.
The set T CDS(M, α) of topological contact dynamical systems forms a group containing the group of smooth contact dynamical systems as a subgroup. In the case of smooth contact isotopies and contact Hamiltonians the following identities are simple consequences of standard techniques for ordinary differential equations. However in the topological setting more sophisticated techniques are required. See [MS11, section 9] for further details and the proof. Theorem 2.3. [MS11, Theorem 6.5] The set T CDS(M, α) admits the structure of a topological group, where for two topological contact dynamical systems (Φ H , H, h) and (Φ F , F, f ) the group operations are given by
H , H, h), where the contact Hamiltonians H#F and H are given respectively at each time t by
The conformal factors h#f and h are defined at each t by
Whereas in smooth contact dynamics the group of canonical transformations or changes of coordinates is given by the group Diff(M, ξ) of contact diffeomorphisms of (M, ξ), in topological contact dynamics this role is played by the group of topological automorphisms of the contact structure. Recall [MS11, Definition 6.8 and Theorem 6.9] that a homeomorphism φ of M is a topological automorphism of the contact structure ξ with unique topological conformal factor h ∈ C 0 (M ) if there exists a sequence of contact diffeomorphisms φ j ∈ Diff(M, ξ) that uniformly converges to φ and whose smooth conformal factors h j uniformly converge to the continuous function h on M . The group of topological automorphisms is independent of the choice of contact form α defining ξ [MS11, Proposition 6.12], and will be denoted Aut(M, ξ).
We proved the following transformation law in [MS11] .
Theorem 2.4. [MS11, Theorem 6.13] Let (Φ H , H, h) be a topological contact dynamical system of (M, α) and ϕ ∈ Aut(M, ξ) be a topological automorphism of the contact structure with topological conformal factor g.
In particular suppose that (Φ H , H, h) and (Φ F , F, f ) are topological contact dynamical systems and that ϕ is a topological automorphism of the contact structure with topological conformal factor g. Corollary 1.5 implies that if Proof of Corollary 1.3. Suppose that Φ = {φ t } is a topological contact isotopy of (M, ξ), and that (Φ, H, h) and (Φ, F, f ) are both topological contact dynamical systems of (M, α). The composition law implies that the identity isotopy Id = Φ −1 • Φ of M has the topological contact Hamiltonian H#F given by (H#F ) t = e −ht ((F t − H t ) • φ t ), and moreover the topological conformal factor associated to Id = Φ −1 • Φ is given by the continuous function −h t + f t . Theorem 1.1 implies that for almost every t ∈ [0, 1], F t − H t = 0, or in other words the topological contact Hamiltonians F and H are equal. Finally by Theorem 1.2, for all t ∈ [0, 1], the topological conformal factor satisfies −h t + f t = 0.
3. The proof of Theorem 1.1
Buhovsky and Seyfaddini's use of the space of autonomous null-Hamiltonians in their uniqueness proof for topological Hamiltonians of a symplectic manifold [BS13] 
Therefore we define the set N (M, α) of null contact Hamiltonians of (M, α) by
Also of interest are the time-independent null contact Hamiltonians defined by 
H } a≤t≤b is generated by the topological Hamiltonian
where ζ ′ denotes the derivative of ζ. Since φ
H , the conformal factor h ζ of the isotopy Φ H ζ is given by h ζ t = h ζ(t) . Thus if H ∈ N (M, α) and ζ is as above,
and therefore H ζ ∈ N (M, α). In the special case ζ(t) = st for a real number s ∈ [0, 1], we also write H ζ = H s . For a time-independent null contact Hamiltonian H ∈ N aut (M, α) we have
and sH ∈ N aut (M, α). It follows that N aut (M, α) is closed under scalar multiplication. Indeed when r ≥ 0, write r = s j , 0 ≤ s j ≤ 1, and apply our previous remarks, so that rH ∈ N aut (M, α) if H ∈ N aut (M, α). Finally, the case r < 0 follows from the fact that H ∈ N aut (M, α) implies −H = H ∈ N aut (M, α).
Translations and convolutions on the Heisenberg group.
Recall that in general linear translations do not preserve the standard contact form on R 2n+1 . Thus we utilize the non-abelian Heisenberg group structure on R 2n+1 , cf. [Ste93] . Identifying R 2n+1 with H n = C n × R, we write points x = (x 1 , . . . , x 2n+1 ) as pairs x = (x ′ , x 2n+1 ), where
. . , n. The group structure on H n is defined by
′ j denotes the standard Hermitian inner product on C n , and Im y ′ , x ′ denotes its imaginary part. Let τ = (τ ′ , τ 2n+1 ) ∈ H n . A straightforward calculation shows that the diffeomorphism R τ given by right multiplication by τ −1
preserves the contact form
i.e. R * τ α 0 = α 0 . Thus for every t ∈ [0, 1], the map R tτ is a strictly contact diffeomorphism, and {R tτ } defines a strictly contact isotopy. Left translations are also strictly contact. In Heisenberg coordinates the basic contact Hamiltonian that generates {R tτ } is the function
Denote by ν 0 the measure induced from the volume form α 0 ∧ dα n 0 , which coincides with the usual Lebesgue measure. The convolution of measurable functions f and g is given by
whenever (10) is finite. We will apply the next lemma in the subsequent section. The proof follows from a straightforward adaptation of the Euclidean case (see for example [WZ77, Chapter 9]) to the Heisenberg group.
Lemma 3.2. Let f ∈ L p (H n ) be compactly supported, and suppose that K is a smooth compactly supported function on H n such that H n K ν 0 = 1. For ǫ > 0, the functions f ǫ = f * K ǫ are smooth and compactly supported, where
converges to f at every point of continuity of f . In particular, if f is continuous then f ǫ converges to f uniformly.
3.3. Uniqueness of time-independent contact Hamiltonians. The uniqueness of the topological contact isotopy of a topological contact Hamiltonian, Corollary 1.5, enables us to complete the second step in the proof of Theorem 1.1, namely that the set N aut (M, α) of time-independent null contact Hamiltonians consists only of the zero contact Hamiltonian. We will need the following simple consequence of Darboux's theorem.
Lemma 3.3. For any two points x and y ∈ M , there exists a contact diffeomorphism ψ ∈ Diff 0 (M, ξ) mapping x to y whose conformal factor vanishes at the point x. If x, y ∈ U ⊂ M , and U is connected, then the diffeomorphism ψ can be constructed with support contained inside U .
Proof. It is well known that there exists a diffeomorphism φ ∈ Diff 0 (M, ξ) such that φ(x) = y and φ * α = e h α, where h : M → R is a smooth function. Now consider the contact form α ′ = e h α. By Darboux's theorem α and α ′ are diffeomorphic in a neighborhood of x, i.e. there exists a locally defined contact diffeomorphism γ isotopic to the identity such that γ(x) = x, and γ * α ′ = α. After appropriately cutting off the smooth contact Hamiltonians that generate γ and φ, and extending γ by the identity to all of M , the composition ψ = φ•γ has the desired properties. Proof. Let H be a smooth null contact Hamiltonian, and denote by (Φ H , H, h) the smooth contact dynamical system generated by H as in section 2.1. Since H is a null contact Hamiltonian (Id, H, 0) is a topological contact dynamical system. By Corollary 1.5, Φ H = Id, and thus H = 0.
Lemma 3.5. An autonomous null contact Hamiltonian vanishes identically.
Proof. We argue by contradiction that a time-independent null contact Hamiltonian must be locally constant. Since M is connected, it is then globally constant, and by Lemma 3.4 it must be identically zero.
Suppose H ∈ N aut (M, α) and there exist points x = y ∈ U such that H(x) = H(y), where U ⊂ M is a Darboux neighborhood with local coordinates x = (x ′ , x 2n+1 ) ∈ H n such that
Let φ ∈ Diff 0 (M, ξ) be such that φ(x) = y, and with conformal factor g such that g(x) = 0 as in Lemma 3.3. We may further assume that φ is compactly supported within U . By Lemma 3.1 the function F = H − e −g (H • φ) is a null contact Hamiltonian, which is both compactly supported in U and non-zero. Consider the set
where φ * α = e g α and
For K : H n → R as in Lemma 3.2 and sufficiently small ǫ > 0, the convolution
is compactly supported in U , where the variables y = (y ′ , y 2n+1 ) denote Heisenberg coordinates on H n as before. By Lemma 3.2, F ǫ is smooth, and C 0 -converges to F as ǫ → 0; thus F ǫ is non-vanishing for all sufficiently small ǫ > 0.
The function F ǫ can be C 0 -approximated by a Riemann sum of the form (cf.
with |τ j | < ǫ, which a priori is not an element of L, since the right translations R τj are not compactly supported. Let G j = ρ · F τj , where F τj satisfies (9), and ρ is a smooth cut-off function supported in U that equals 1 on the set
, and if we further impose that δ < ǫ, then φ t Gj coincides with R tτj on the support of F . Thus
The right hand side above is an element of L ⊂ N aut (M, α), and this implies F ǫ is a smooth non-vanishing null contact Hamiltonian. This contradicts Lemma 3.4.
3.4. Time-dependent null Hamiltonians. The last step in proving Theorem 1.1 is to show that for almost every t ∈ [0, 1], the restriction H t of a null contact Hamiltonian is an element of N aut (M, α). In the present case of contact Hamiltonians on contact manifolds, the proof requires a minor modification to the proof concerning Hamiltonians of symplectic manifolds from [BS13] .
Lemma 3.6. Suppose that H ∈ N (M, α). For almost every t ∈ [0, 1], the restricted Hamiltonian H t satisfies H t ∈ N aut (M, α).
Proof. Fix a value of t ∈ [0, 1), and define
for j sufficiently large. By Lemma (3.1), F j is a null contact Hamiltonian, and thus G j = j · F j is as well. For the the sequence of null Hamiltonians G j , we have
where (11) follows from [MS11, Lemma 2.4], which observes that for a function
and (12) results from the change of variables u = t+ s j . The Lebesgue differentiation theorem implies that for almost every t ∈ [0, 1]
and thus G j − H t → 0 as j → ∞. Therefore H t : M → R is a null contact Hamiltonian, because N (M, α) is closed with respect to the norm given by equation (1). Since H t is time-independent by definition, it follows that H t ∈ N aut (M, α).
Proof of Theorem 1.1. Suppose that H ∈ N (M, α). Then for almost all t ∈ [0, 1], H t ∈ N aut (M, α) by Lemma 3.6. By Lemma 3.5, H t = 0. Thus H = 0 as an element of the space L 1 ([0, 1], C 0 (M )).
Local Uniqueness Results
Recall that we proved the local uniqueness of the conformal factor of a topological automorphism of the contact structure in [MS11, Proposition 11.4]. This is the precise statement. i •φ i converge to the identity uniformly on compact subsets of U , and that h i and g i converge uniformly on compact subsets of U to continuous functions h and g, respectively. Then h = g on U .
We comment here that the convergence of the sequences of diffeomorphisms φ 
Proof. Let a < b be distinct real numbers, and consider the product V × [a, b] as a subset of the symplectization M × R of M with its symplectic structure
In particular 
is the Hofer length of the Hamiltonian isotopy Φ ρ ηH of M × R. Thus
and the lemma follows.
Proof of Theorem 4.3. If the conclusion of the theorem is false, then there exists a point x ∈ U , a time 0 < t 0 ≤ 1 such that φ We reparameterize, and apply Theorem 4.4 as follows. For each i = 1, 2, 3, . . ., let (Φ Fi , F i , f i ) be the smooth contact dynamical system of (M, α) generated by the smooth contact Hamiltonian
Then for every 0 ≤ s ≤ 1 and x ∈ M we have φ Equation (13) implies F i|U ≤ H i|U , and (14) implies that Ce −|hi| V ≤ Ce −|fi| V , which combined with inequality (15) gives
The contradiction that results by letting i → ∞ completes the proof.
Corollary 4.5 (Local uniqueness of topological contact isotopy and conformal factor). Suppose that (Φ, H, h) and (Ψ, F, f ) are topological contact dynamical systems of (M, α) and that U ⊂ M is open. If for almost every t ∈ [0, 1] the contact Hamiltonian functions satisfy H t|φ t(U ) = F t|φ t(U ) , then for every t ∈ [0, 1] both φ t |U = ψ t |U and h t|U = f t |U .
Proof. By Theorem 2.3,
is a topological contact dynamical system, and by assumption for almost every t ∈ [0, 1],
Theorem 4.3 implies that φ t G|U = id and thus ψ t | U = φ t | U . Finally the fact that h t | U = f t | U follows from Proposition 4.1.
We next prove the local uniqueness of the topological contact Hamiltonian of a topological contact isotopy, or in other words the generalization of Theorem 1.1 to open subsets of a contact manifold (M, ξ) with contact form α such that ker α = ξ. Proof. Let X = {x 0 , x 1 , . . .} be a countable and dense subset of U . For each i = 1, 2, . . . there exists a contact diffeomorphism ϕ i ∈ Diff(M, ξ) with support in U such that ϕ i (x i ) = x 0 , and by Lemma 3.3 we may in addition assume that the conformal factor h i corresponding to ϕ i vanishes at x i .
For every i = 1, 2, . . ., because ϕ
, and thus there exists a set S i ⊂ [0, 1] of measure zero such that if t / ∈ S i , then for every x ∈ M ,
In particular if t / ∈ S i , then
The union S = S 1 ∪ S 2 ∪ · · · ⊂ [0, 1] also has measure zero, and if t / ∈ S, then H t ∈ C 0 (M ) is constant on the dense subset X ⊂ U . Therefore H t is constant on U , or in other words the restriction of H to the open set U is equal to an Lemma 5.7. Suppose φ and ψ are two topological automorphisms of the contact structure ξ = ker α with topological conformal factors h and g, respectively, and 
Rigidity of the geodesic flow
In this section we prove a rigidity result for the geodesic flow of a Riemannian manifold. The proof uses the identification of the geodesic flow on the unit tangent bundle with the Reeb flow on the unit cotangent bundle, and the uniqueness of the topological contact isotopy corresponding to a topological Hamiltonian function established by Corollary 1.5.
Let B be a closed smooth manifold with a Riemannian metric g. Recall that g is complete, and there exists a unique smooth vector field G on the tangent bundle T B whose trajectories are of the form t → (γ(t),γ(t)) ∈ T γ(t) B ⊂ T B, where γ is a geodesic (not necessarily of unit speed) of the Riemannian metric g. The flow of the geodesic field G is called the geodesic flow of g. The length (with respect to the Riemannian metric g) of the tangent vectorγ is constant along a geodesic γ, and thus the flow of the geodesic field G preserves the unit tangent bundle ST B defined fiber-wise by
. In other words, the vector field G is tangent to ST B, and the geodesic flow restricts to a geodesic flow on the unit tangent bundle. The Riemannian metric g gives rise to a bundle isomorphism Ψ : T B → T * B that is fiber-wise defined by We say that a sequence of Riemannian metrics g k converges to g weakly uniformly if for all pairs of vector fields X and Y on B, the functions g k (X, Y ) → g(X, Y ) uniformly on B. If (g ij ) denotes the coefficient matrix of g in a system of local coordinates, this notion of convergence is equivalent to the uniform convergence of the corresponding coefficient functions g k,ij of the metrics g k to the functions g ij in every system of local coordinates.
Theorem 6.1 (Rigidity of geodesic flow). Let g be a Riemannian metric on a closed manifold B, and g k be a sequence of Riemannian metrics that converges to g weakly uniformly. Suppose that the geodesic flows {φ If the sequence g k of Riemannian metrics C 1 -converges to g, the conclusion of the theorem follows from a standard continuity theorem in the theory of ordinary differential equations. That the conclusion of the theorem still holds under the present weaker hypotheses is less obvious, and follows from Corollary 1.5. The conclusion of the theorem does not hold without the assumption that the geodesic flows Φ G k are uniformly Cauchy. To see this, perturb a Riemannian metric that is flat somewhere in B by a C 0 -small but C 1 -large bump.
Proof. Without loss of generality we may restrict to the geodesic flows defined for time 0 ≤ t ≤ 1 and originating on ST B, where ST B denotes the unit tangent bundle of the Riemannian metric g. Denote by S k T B and S k T * B the unit tangent bundle and the unit cotangent bundle of the Riemannian metric g k , respectively, and by Ψ k : T B → T * B the bundle isomorphism v → ι(v)g k induced by the metric g k , which restricts to an isomorphism S k T B → S k T * B. Define a bundle diffeomorphism
where g * k again denotes the bundle metric on T * B defined by the identification of T * B with T B via the isomorphism Ψ −1 k and by the metric g k . Then Φ k restricts to a contact diffeomorphism ST * B → S k T * B with Φ * k α k = 1/ g * k · α, where the contact form α k is the restriction of the Liouville form λ to S k T * B. In local coordinates q = (q 1 , . . . , q n ) on B and p = (p 1 , . . . , p n ) on the fibers of T * B, the Liouville form on T * B is given by λ = p dq = n i=1 p i dq i , and if the Riemannian metric g is in the above local coordinates given by g b = g ij (b) · dq i ⊗ dq j , then
